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QUIVER VARIETIES AND PATH REALIZATIONS
ARISING FROM ADJOINT CRYSTALS OF TYPE A
(1)
n
SEOK-JIN KANG1 AND EUIYONG PARK1,2
Abstract. Let B(Λ0) be the level 1 highest weight crystal of the quantum affine algebra Uq(A
(1)
n ).
We construct an explicit crystal isomorphism between the geometric realization B(Λ0) of B(Λ0) via
quiver varieties and the path realization Pad(Λ0) of B(Λ0) arising from the adjoint crystal Bad.
Introduction
The theory of perfect crystals developed in [7] has a lot of important and interesting applications to
the representation theory of quantum affine algebras and the theory of vertex models in mathematical
physics. In particular, the crystal B(λ) of an integrable highest weight module over a quantum affine
algebra can be realized as the crystal PB(λ) consisting of λ-paths arising from a given perfect crystal
B. In [1], Benkart, Frenkel, Kang and Lee gave a uniform construction of level 1 perfect crystals
for all quantum affine algebras. These perfect crystals are called the adjoint crystals because, when
forgetting 0-arrows, they coincide with the direct sums of the trivial crystals and the crystals of adjoint
or little adjoint representations of finite dimensional simple Lie algebras.
On the other hand, for a symmetric Kac-Moody algebra g, Lusztig gave a geometric construction
of U−q (g) in terms of perverse sheaves on quiver varieties and introduced the notion of canonical basis
which yields natural bases for all integrable highest weight modules as well [13, 14]. In [12], Kashiwara
and Saito defined a crystal structure on the set B(∞) of irreducible components of Lusztig’s quiver
varieties and showed that B(∞) is isomorphic to the crystal B(∞) of U−q (g). Moreover, in [16, 17],
Nakajima defined a new family of quiver varieties associated with a dominant integral weight λ and
gave a geometric realization of the integrable highest weight g-module V (λ). In [18], Saito defined
a crystal structure on the set B(λ) of irreducible components of certain Lagrangian subvarieties of
Nakajima’s quiver varieties, and showed that B(λ) is isomorphic to the crystal B(λ) of V (λ).
Therefore, for quantum affine algebras, it is natural to investigate the crystal isomorphism between
the geometric realization B(λ) and the path realization PB(λ) for various perfect crystals B. In
this paper, we will focus on the level 1 highest weight crystal B(Λ0) of the quantum affine algebra
Uq(A
(1)
n ), and construct an explicit crystal isomorphism between B(Λ0) and Pad(Λ0), where Pad(Λ0) is
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the path realization arising from the adjoint crystal Bad. We will also give a geometric interpretation
of the fundamental isomorphism theorem for perfect crystals: B(Λ0) ∼= B(Λ0) ⊗Bad. One of the key
ingredients of our construction is the explicit 1-1 correspondence between B(Λ0) and Y(Λ0) discovered
in [3, 19], where Y(Λ0) is the crystal consisting of (n + 1)-reduced Young diagrams. We hope our
construction will provide a new insight toward the understanding of the connection between B(Λ0)
and Pad(Λ0) for all quantum affine algebras.
Acknowledgments. The authors wish to express their sincere gratitude to National Institute for
Mathematical Sciences in Daejon, Korea, for their generous support during the special program (The-
matic Program TP0902) on representation theory in 2009.
1. The quantum affine algebra Uq(A
(1)
n )
Let I = Z/(n+ 1)Z be the index set. The affine Cartan datum of A
(1)
n -type consists of
(i) the affine Cartan matrix
A = (aij)i,j∈I =


2 −1 0 · · · −1
−1 2 −1 · · · 0
...
. . .
...
0 · · · −1 2 −1
−1 0 · · · −1 2


,
(ii) dual weight lattice P∨ =
⊕n
i=0 Zhi ⊕ Zd,
(iii) affine weight lattice P =
⊕n
i=0 ZΛi ⊕ Zδ ⊂ h
∗, where
h = C⊗ P∨, Λi(hj) = δij , Λi(d) = 0, δ(hi) = 0, δ(d) = 1 (i, j ∈ I),
(iv) the set of simple coroots Π∨ = {hi| i ∈ I},
(v) the set of simple roots Π = {αi| i ∈ I} given by
αj(hi) = aij , αj(d) = δ0,j (i, j ∈ I).
The free abelian group Q =
⊕n
i=0 Zαi is called the root lattice and the semigroup Q
+ =
∑n
i=0 Z≥0αi
is called the positive root lattice. For α =
∑
i∈I kiαi ∈ Q
+, the number ht(α) =
∑
i∈I ki is called
the height of α. For λ, µ ∈ h∗, we define λ ≥ µ if and only if λ − µ ∈ Q+. The elements in
P+ = {λ ∈ P | λ(hi) ≥ 0, i ∈ I} are called the dominant integral weights. Note that the minimal
imaginary root is given by δ = α0 + α1 + · · ·+ αn ∈ Q+. The element c = h0 + h1 + · · ·+ hn ∈ P∨ is
called the canonical central element.
Given n ∈ Z and any symbol q, we define
[n]q =
qn − q−n
q − q−1
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and set [0]q! = 1, [n]q! = [n]q[n− 1]q · · · [1]q. For m ≥ n ≥ 0, let[
m
n
]
q
=
[m]q!
[n]q![m− n]q!
.
Definition 1.1. The quantum affine algebra Uq(g) = Uq(A
(1)
n ) is an associative algebra over C(q)
with 1 generated by ei, fi (i ∈ I) and qh (h ∈ P∨) satisfying the defining relations:
(a) q0 = 1, qhqh
′
= qh+h
′
for h, h′ ∈ P∨,
(b) qheiq
−h = qαi(h)ei for h ∈ P
∨,
(c) qhfiq
−h = q−αi(h)fi for h ∈ P∨,
(d) eifj − fjei = δij(q
hi − q−hi)/(q − q−1) for i, j ∈ I,
(e)
∑1−aij
k=0 (−1)
k
[
1−aij
k
]
q
e
1−aij−k
i eje
k
i = 0 for i 6= j,
(f)
∑1−aij
k=0 (−1)
k
[
1−aij
k
]
q
f
1−aij−k
i fjf
k
i = 0 for i 6= j.
The definition of category Oqint, Kashiwara operators and crystal bases can be found in [10, 4], etc.
It was shown in [10] that every Uq(g)-module in the category O
q
int has a crystal basis. The notion of
abstract crystals was introduced in [11]. For convenience, we recall some of the basic definitions and
properties of abstract crystals.
Definition 1.2. An abstract crystal associated with the Cartan datum (A,Π,Π∨, P, P∨) is a set B
together with the maps wt : B → P, e˜i, f˜i : B → B⊔{0}, and εi, ϕi : B → Z∪{−∞} (i ∈ I) satisfying
the following properties:
(a) ϕi(b) = εi(b) + 〈hi,wt(b)〉 for all i ∈ I,
(b) wt(e˜ib) = wt(b) + αi if e˜ib ∈ B,
(c) wt(f˜ib) = wt(b)− αi if f˜ib ∈ B,
(d) εi(e˜ib) = εi(b)− 1, ϕi(e˜ib) = ϕi(b) + 1 if e˜ib ∈ B,
(e) εi(f˜ib) = εi(b) + 1, ϕi(f˜ib) = ϕi(b)− 1 if f˜ib ∈ B,
(f) f˜ib = b
′ if and only if b = e˜ib
′ for b, b′ ∈ B, i ∈ I,
(g) if ϕi(b) = −∞ for b ∈ B, then e˜ib = f˜ib = 0.
We often say that B is a Uq(g)-crystal. We denote Bλ = {b ∈ B| wt(b) = λ} so that B =
⊔
λ∈P Bλ.
Example 1.3.
(1) Let (L,B) be a crystal basis of M ∈ Oqint. Then B has a crystal structure, where the maps
εi, ϕi are given by
εi(b) = max{k ≥ 0| e˜ib 6= 0}, ϕi(b) = max{k ≥ 0| f˜ib 6= 0}.
In particular, we denote by B(λ) the crystal of the irreducible highest weight module V (λ)
with highest weight λ ∈ P+.
(2) Let (L(∞), B(∞)) be a crystal basis of U−q (g). Then B(∞) has a crystal structure, where the
maps εi, ϕi are given by
εi(b) = max{k ≥ 0| e˜ib 6= 0}, ϕi(b) = εi(b) + 〈hi,wt(b)〉.
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(3) For λ ∈ P , let us consider Tλ = {tλ} with the maps:
wt(tλ) = λ, e˜itλ = f˜itλ = 0 for i ∈ I,
εi(tλ) = ϕi(tλ) = −∞ for i ∈ I.
Then Tλ is a crystal.
(4) Let C = {c}. We define the maps
wt(c) = 0, e˜ic = f˜ic = 0, εi(c) = ϕi(c) = 0 (i ∈ I).
Then C is a crystal.
Definition 1.4. Let B1 and B2 be crystals.
(1) A map ψ : B1 → B2 is a crystal morphism if it satisfies the following properties:
(a) for b ∈ B1, we have
wt(ψ(b)) = wt(b), εi(ψ(b)) = εi(b), ϕi(ψ(b)) = ϕi(b) for all i ∈ I,
(b) for b ∈ B1 and i ∈ I with f˜ib ∈ B1, we have ψ(f˜ib) = f˜iψ(b).
(2) A crystal morphism ψ : B1 → B2 is called strict if
ψ(e˜ib) = e˜iψ(b), ψ(f˜ib) = f˜iψ(b) for all i ∈ I and b ∈ B1.
Here, we understand ψ(0) = 0.
(3) ψ is called an embedding if the underlying map ψ : B1 → B2 is injective.
Let B1 and B2 be crystals. The tensor product B1 ⊗ B2 is defined to be the set B1 × B2 together
with the following maps:
(a) wt(b1 ⊗ b2) = wt(b1) + wt(b2),
(b) εi(b1 ⊗ b2) = max{εi(b1), εi(b2)− 〈hi,wt(b1)〉},
(c) ϕi(b1 ⊗ b2) = max{ϕi(b2), ϕi(b1) + 〈hi,wt(b2)〉},
(d) e˜i(b1 ⊗ b2) =
{
e˜ib1 ⊗ b2 if ϕi(b1) ≥ εi(b2),
b1 ⊗ e˜ib2 if ϕi(b1) < εi(b2),
(e) f˜i(b1 ⊗ b2) =
{
f˜ib1 ⊗ b2 if ϕi(b1) > εi(b2),
b1 ⊗ f˜ib2 if ϕi(b1) ≤ εi(b2).
It was shown in [11] that there is a unique strict crystal embedding
B(λ) →֒ B(∞) ⊗ Tλ ⊗ C
sending uλ to 1 ⊗ tλ ⊗ c. Here, uλ is the highest weight element of B(λ). We denote by ιλ the
composition of the strict embedding and the natural projection:
ιλ : B(λ) →֒ B(∞)⊗ Tλ ⊗ C −→ B(∞).(1.1)
Note that ιλ is injective, but not a crystal morphism.
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2. Path realization
Let U ′q(g) be the subalgebra of Uq(g) generated by ei, fi, q
±hi (i ∈ I) and we set P
∨
=
⊕n
i=0 Zhi,
h = C ⊗Z P
∨
, P =
⊕n
i=0 ZΛi and P
+
=
∑n
i=0 Z≥0Λi. Denote by cl : P → P the natural projection
from P to P . An abstract crystal B associated with U ′q(g) is called a classical crystal. For b ∈ B, we
define
ε(b) =
n∑
i=0
εi(b)Λi, ϕ(b) =
n∑
i=0
ϕi(b)Λi.
Definition 2.1. A perfect crystal of level ℓ is a finite classical crystal B satisfying the following
conditions:
(a) there exists a finite dimensional U ′q(g)-module with a crystal basis whose crystal graph is
isomorphic to B,
(b) B ⊗B is connected,
(c) there exists a classical weight λ0 ∈ P such that
wt(B) ⊂ λ0 +
∑
i6=0
Z≤0αi, #(Bλ0) = 1,
(d) for any b ∈ B, we have 〈c, ε(b)〉 ≥ ℓ,
(e) for each λ ∈ P
+
ℓ := {µ ∈ P
+
| 〈c, µ〉 = ℓ}, there exist unique vectors bλ and bλ in B such that
ε(bλ) = λ, ϕ(bλ) = λ.
Given a dominant integral weight λ with λ(c) = ℓ and a perfect crystal B of level ℓ, it was shown
in [7] that there exists a unique crystal isomorphism, called the fundamental isomorphism theorem for
perfect crystals,
ψ : B(λ)
∼
−→ B(ε(bλ))⊗B(2.1)
sending uλ to uε(bλ) ⊗ bλ. By applying this crystal isomorphism repeatedly, we get a sequence of
crystal isomorphisms
B(λ)
∼
−→ B(λ1)⊗B
∼
−→ B(λ2)⊗B ⊗B
∼
−→ · · · · · · ,
where λ0 = λ, b0 = bλ, λk+1 = ε(bk), bk+1 = bλk+1 (k ≥ 0). The sequence pλ := (bk)
∞
k=0 is called the
ground-state path of weight λ and a sequence p = (pk)
∞
k=0 of elements pk ∈ B is called a λ-path in B
if pk = bk for all k ≫ 0. We denote by PB(λ) the set of λ-paths in B, which gives rise to the path
realization of B(λ).
Theorem 2.2 ([7]). There exists a unique crystal isomorphism B(λ)
∼
−→ PB(λ) which maps uλ to
pλ.
We list some examples of perfect crystals of level 1 and the corresponding ground-state paths (see
[1, 8], etc).
Example 2.3.
6 SEOK-JIN KANG AND EUIYONG PARK
(1) The crystal B1 and its ground-state p1Λi of weight Λi (i ∈ I) are given as
b1
1
// b2
2
// · · ·
n−1
// bn
n
// bn+1
0
ii
,
p1Λi = (· · · ,b1,b2, · · · ,bn,bn+1,b1,b2, · · · ,bi−1,bi).
We denote by P1(Λi) the set of all Λi-paths in B1.
(2) The crystal Bn and its ground-state pnΛi of weight Λi (i ∈ I) are given as
bn+1
n
// bn
n−1
// · · ·
2
// b2
1
// b1
0
jj
,
pnΛi = (· · · ,bn+1,bn, · · · ,b2,b1,bn+1,bn, · · · ,bi+2,bi+1).
We denote by Pn(Λi) the set of all Λi-paths in Bn.
(3) The adjoint crystal Bad is given as follows.
Let
Bad = {∅} ∪ {b±αij | 1 ≤ i ≤ j ≤ n} ∪ {hi| i = 1, . . . , n},
where αij := αi + αi+1 + · · ·+ αj for 1 ≤ i ≤ j ≤ n. We define the i-arrows (i ∈ I) by
(i 6= 0) bα
i
−→ bβ ⇔ α− αi = β,
bαi
i
−→ hi
i
−→ b−αi ,
(i = 0) bα
0
−→ bβ ⇔ α+ θ = β (α, β 6= ±θ),
b−θ
0
−→ ∅
0
−→ bθ,
where θ = α1 + · · ·+ αn. The crystal Bad is a perfect crystal of level 1 with the ground-state
path of weight Λ0
padΛ0 = (· · · , ∅, ∅, · · · , ∅, ∅).
There is a crystal isomorphism pad : Bn ⊗B1 → Bad given by
pad(bj ⊗ bi) =


bwt(bj⊗bi)
if wt(bj ⊗ bi) 6= 0,
hi if wt(bj ⊗ bi) = 0, i 6= n+ 1,
∅ otherwise .
(2.2)
We denote by Pad(Λ0) the set of all Λ0-paths in B
ad.
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3. Combinatorics of Young Walls
In [4, 6], Kang gave a combinatorial realization of crystal graphs for basic representations of quan-
tum affine algebras of type A
(1)
n (n ≥ 1), A
(2)
2n−1 (n ≥ 3), D
(1)
n (n ≥ 4), A
(2)
2n , D
(2)
n+1 (n ≥ 2), and
B
(1)
n (n ≥ 3) by using new combinatorial objects called Young walls, which are a generalization of
colored Young diagrams used in [2, 5, 15]. In this work, we focus on the quantum affine algebra
Uq(A
(1)
n ).
The Young wall Y 1 (resp. Y n) is a wall consisting of colored blocks stacked by the following rules:
(a) the colored blocks should be stacked in the pattern P1 (resp. Pn) of weight Λk given below,
(b) except for the right-most column, there should be no free space to the right of any block.
The patterns are given as follows.
kk − 1· · ·210n
k + 1k· · ·3210
.
.
.
.
.
.
nn − 1
0n
10
the pattern P1 of weight Λk
kk + 1· · ·n012
k − 1k· · ·n − 1n01
.
.
.
.
.
.
12
01
n0
the pattern Pn of weight Λk
Note that the heights of the columns of a Young wall Y are weakly decreasing from right to left,
so we denote it by Y = (yi)i≥0, where yi is the i-th column of Y .
Definition 3.1. Let Y be a Young wall corresponding to the pattern P1 (resp. Pn).
(1) An i-block in Y is called a removable i-block if Y remains a Young wall after removing the
block.
(2) A place in Y is called an admissible i-slot if one may add an i-block to obtain another Young
wall.
(3) A column in Y is said to be i-removable (resp. i-admissible) if the column has a removable
i-block (resp. an admissible i-slot).
Now we define the action of Kashiwara operators e˜i, f˜i (i ∈ I) on Young walls. Let Y = (yk)k≥0
be a Young wall corresponding to the pattern P1 (resp. Pn).
(a) To each column yk of Y , we assign{
− if yk is i-removable,
+ if yk is i-admissible,
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(b) From this sequence of +’s and −’s, cancel out all (+,−) pairs to obtain a finite sequence of
−’s followed by +’s. This sequence (−, · · · ,−,+, · · · ,+) is called the i-signature of Y .
(c) We define e˜iY to be the Young wall obtained from Y by removing the i-block corresponding
to the rightmost − in the i-signature of Y . If there is no − in the i-signature, we set e˜iY = 0.
(d) We define f˜iY to be the Young wall obtained from Y by adding an i-block to the column
corresponding to the leftmost + in the i-signature of Y . If there is no + in the i-signature,
we set f˜iY = 0.
We also define
wt(yj) =
∑
i∈I
kijαi (j ∈ Z≥0),
wt(Y ) = Λk −
∑
j≥0
wt(yj),
εi(Y ) = the number of −’s in the i-signature of Y ,
ϕi(Y ) = the number of +’s in the i-signature of Y ,
where kij is the number of i-blocks in the j-th column yj of Y . Note that the height of yj is ht(wt(yj)).
Let Y1(Λk) (resp. Yn(Λk)) be the set of all Young walls Y 1 (resp. Y n) whose shapes are (n + 1)-
reduced Young diagrams; i.e., Y 1 = (yj)j≥0 ∈ Y1(Λk) (resp. Y n = (yj)j≥0 ∈ Y
n(Λk)) if and only
if
ht(wt(yj))− ht(wt(yj+1)) < n+ 1 (resp. ht(wt(yj))− ht(wt(yj+1)) < n+ 1)
for j ≥ 0. Then Y1(Λk) (resp. Yn(Λk)) has a Uq(g)-crystal structure, and we have the following
theorem.
Theorem 3.2. [4, 6, 15] There is a unique crystal isomorphism B(Λk)
∼
−→ Y1(Λk) (resp. Y
n(Λk))
which maps the highest weight element uΛk to the empty Young wall ∅.
Let p1 = (· · · ,bi2 ,bi1 ,bi0) be a Λk-path in B
1. Consider a Young wall Y1k(p
1) = (yj(p
1))j≥0 such
that the j-th column yj(p
1) is ∅ if j > ht(Λk −wt(p1)), otherwise yj(p1) is the smallest j-th column
in P1 satisfying the following conditions:
(a) the top color of yj(p
1) is ij − 1,
(b) yj+1(p
1) ≤ yj(p1).
One can prove that the Young wall Y1k(p
1) is contained in Y1(Λk), and the map
Y1k : P
1(Λk) −→ Y
1(Λk)(3.1)
is a crystal isomorphism. If we set Y 1 = (yj)j≥0 ∈ Y1(Λk), then the inverse image p1 of Y 1 under the
crystal isomorphism Y1k is
p1 = (. . . ,baj , . . . ,ba1 ,ba0),(3.2)
where aj ≡ ht(wt(yj))− j + k (mod n+ 1) for all j ≥ 0.
QUIVER VARIETIES AND PATH REALIZATIONS ARISING FROM ADJOINT CRYSTALS OF TYPE A(1)n 9
In a similar manner, given a Λk-path p
n = (· · · ,bi2 ,bi1 ,bi0) in B
n, we have a Young wallYnk (p
n) =
(yj(p
n))j≥0 such that the j-th column yj(p
n) is ∅ if j > ht(Λk − wt(pn)), otherwise yj(p
n) is the
smallest j-th column in Pn satisfying the following conditions:
(a) the top color of yj(p
n) is ij,
(b) yj+1(p
n) ≤ yj(p
n).
One can prove that the Young wall Ynk (p
n) is contained in Yn(Λk), and the map
Ynk : P
n(Λk) −→ Y
n(Λk)(3.3)
is a crystal isomorphism. If we set Y n = (yj)j≥0 ∈ Y
n(Λk), then the inverse image p
n of Y n under
the crystal isomorphism Ynk is
pn = (. . . ,bbj , . . . ,bb1 ,bb0),(3.4)
where bj ≡ 1− ht(wt(yj)) + j + k (mod n+ 1) for all j ≥ 0.
Example 3.3. Let g be the Kac-Moody algebra of type A
(1)
3 . Fix an element
b = f˜0f˜2f˜1(f˜1f˜2f˜3f˜0)
3uΛ0 ∈ B(Λ0),
where uΛ0 is the highest weight element of B(Λ0). Then the Λ0-paths p
1 ∈ P1(Λ0), p
n ∈ Pn(Λ0) and
pad ∈ Pad(Λ0) corresponding to b are given as
p1 = (. . . ,b3,b1,b2,b3,b0,b1,b2,b3,b0,b1,b2,b3,b0,b3),
pn = (. . . ,b3,b2,b0,b1,b0,b2,b1),
pad = (. . . , ∅, ∅, bα1+α2+α3 , h1, h1, b−α1−α2),
which yield the Young walls Y 1 := Y10(p
1) and Y n := Yn0 (p
n) as follows:
Y 1 =
2
1
0 1 2 3 0 1 2 3 0 1 2 3 0
, Y n =
2 1
1 0 3 2
2 1 0 3
0 3 2 1 0
.
4. Geometric Constructions of Crystal Graphs
In this section, we review geometric constructions of crystal bases via quiver varieties. See [3, 12,
14, 17, 18, 19] for more details.
Let I = Z/(n + 1)Z and H the set of the arrows such that i → j with i, j ∈ I, i − j = ±1 .
For h ∈ H , we denote by in(h) (resp. out(h)) the incoming (resp. outgoing) vertex of h. Define an
involution − : H → H to be the map interchanging i→ j and j → i. Let
Ω = {h ∈ H | in(h)− out(h) = 1}
so that H = Ω ⊔Ω; i.e.,
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(I,Ω) =
•
0
•
1
•
2
· · · •
n− 1
•
n
,
(I,Ω) =
•
0
•
1
•
2
· · · •
n− 1
•
n
.
Note that our graph is an affine Dynkin graph of type A
(1)
n . We take the map ǫ : H → {−1, 1}
given by
ǫ(h) =
{
1 if h ∈ Ω,
−1 if h ∈ Ω.
For α =
∑n
i=0 kiαi ∈ Q
+, we define the I-graded vector space
V (α) =
n⊕
i=0
Vi(α),
where Vi(α) is the C-vector space with an ordered basis v
i(α) = {vi0, v
i
1 . . . , v
i
ki−1
} for all i. Fix an
ordered basis
v(α) = {v00 , . . . , v
0
k0−1, v
1
0 , . . . , v
1
k1−1, . . . , v
n
0 , . . . v
n
kn−1},
for V (α) and set
dimV (α) =
n∑
i=0
kiαi = α.
In a similar manner, for λ =
∑n
i=0 wiΛi ∈ P
+, we define the I-graded vector space
W (λ) =
n⊕
i=0
Wi(λ),
where Wi(λ) is a C-vector space of dimension wi.
Given α ∈ Q+, we set V = V (α) (resp. Vi = Vi(α) (i = I)) and let
E(α) = EΩ(α)⊕ EΩ(α),
where
EΩ(α) =
⊕
h∈Ω
Hom(Vout(h), Vin(h)) =
⊕
i∈I
Hom(Vi−1, Vi),
EΩ(α) =
⊕
h∈Ω
Hom(Vout(h), Vin(h)) =
⊕
i∈I
Hom(Vi, Vi−1).
Let us denote by πΩ (resp. πΩ) the natural projection from E(α) to EΩ(α) (resp. EΩ(α)). For
χ ∈ E(α), if there is no danger of confusion, we write x = (xi ∈ Hom(Vi−1, Vi))i∈I (resp. x = (xi ∈
Hom(Vi, Vi−1))i∈I) for πΩ(χ) (resp. πΩ(χ)). The matrix representation of x ∈ EΩ(α) in the ordered
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basis v(α) is given as
x =


0 · · · 0 x0
x1 0 0
0 x2 0
...
...
. . .
. . . 0
0 · · · 0 xn 0


,
where xi is the matrix representation of x|Vi−1 : Vi−1 → Vi in the ordered bases v
i−1(α) and vi(α).
We also may consider the matrix representation of x ∈ EΩ(α) in the same manner:
x =


0 x1 0 · · · 0
0 x2
...
... 0
. . . 0
0
. . . xn
x0 0 · · · 0 0


,
where xi is the matrix representation of x|Vi : Vi → Vi−1 in the ordered bases v
i(α) and vi−1(α).
For s ∈ I, 0 ≤ i < ks−1, 0 ≤ j < ks, define the linear map Esij : Vs−1 → Vs by
Esij(v
s−1
k ) =
{
vsj if k = i,
0 otherwise.
Similarly, for s ∈ I, 0 ≤ i < ks, 0 ≤ j < ks−1, define the linear map E
s
ij : Vs → Vs−1 by
E
s
ij(v
s
k) =
{
vs−1j if k = i,
0 otherwise.
The algebraic group G(α) :=
∏
i∈I Aut(Vi) ⊂ Aut(V ) acts on E(α) by (g, χ) = gχg
−1 for g ∈
G(α), χ ∈ E(α). Let 〈·, ·〉 be the nondegenerate, G(α)-invariant, sympletic form on E(α) defined by
〈χ, χ′〉 =
∑
h∈H
ǫ(h)tr(χhχ
′
h)
for χ, χ′ ∈ E(α). Note that E(α) may be viewed as the cotangent bundle of EΩ(α) (resp. EΩ(α))
under this form. The moment map µ = (µi : E(α)→ End(Vi))i∈I is given by
µi(χ) =
∑
h∈H, in(h)=i
ǫ(h)χhχh = xixi − xi+1xi+1
for χ = x+ x ∈ E(α). Note that
µi(χ) = 0 for all i ∈ I if and only if [x, x] = xx − xx = 0.(4.1)
Here, xx = (xixi : Vi → Vi)i∈I and xx = (xi+1xi+1 : Vi → Vi)i∈I .
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An element χ ∈ E(α) is nilpotent if there exists anN ≥ 2 such that for any sequence h1, . . . , hN ∈ H
satisfying in(hi) = out(hi+1) (i = 1, . . . , N − 1), the composition map χhN · · ·χh1 is zero. We define
Lusztig’s quiver variety to be
Λ(α) = {χ ∈ E(α)| χ : nilpotent, µi(χ) = 0 for all i ∈ I}.
We denote by IrrΛ(α) the set of all irreducible components of Λ(α)
For a pair (k′ ≤ k) of integers, let V (k′, k) =
⊕
i∈I Vi(k
′, k) be the I-graded vector space with basis
{ej| k′ ≤ j ≤ k} such that Vi(k′, k) = spanC{ej| j ≡ i (mod n+ 1)} for i ∈ I. Consider the C-linear
map x(k′, k) : V (k′, k) → V (k′, k) sending ei to ei+1, where ek+1 = 0. Then it is clear that the
representation (V (k′, k), x(k′, k)) of the quiver (I,Ω) is indecomposable and nilpotent. Note that the
isomorphism class of (V (k′, k), x(k′, k)) does not change when k′ and k are simultaneously translated
by a multiple n+1. Moreover, any indecomposable nilpotent finite-dimensional representation of the
quiver (I,Ω) is isomorphic to (V (k′, k), x(k′, k)) for some pair (k′ ≤ k). Let Z be the set of all pairs
(k′ ≤ k) of integers defined up to simultaneous translation by a multiple of n+1 and let Z˜ be the set
of all functions from Z to Z≥0 with finite support. Note that Z˜ naturally corresponds to isomorphism
classes of nilpotent finite-dimensional representations of the quiver (I,Ω). The set of G(α)-orbits on
the set of nilpotent elements in EΩ(α) is naturally indexed by the subset Z˜(α) of Z˜ such that, for
f ∈ Z˜(α), ∑
k′≤k
f(k′, k) ·#{j| k′ ≤ j ≤ k, j ≡ i (mod n+ 1)} = dim Vi (i ∈ I).
Here the sum is taken over all k′ ≤ k up to simultaneous translation by a multiple of n+1. An element
f ∈ Z˜(α) is aperiodic if, for any k′ ≤ k, not all integers f(k′, k), f(k′+1, k+1), . . . , f(k′+n, k+n) are
greater than zero. For any f ∈ Z˜(α), let Cf be the conormal bundle of the G(α)-orbit corresponding
to f , and let Cf be the closure of Cf . Then we have
Theorem 4.1 ([14]). The map f 7→ Cf is a 1-1 correspondence between the set of aperiodic elements
in Z˜(α) and IrrΛ(α).
In a similar manner, for a pair (k ≥ k′) of integers, let x(k, k′) : V (k′, k) → V (k′, k) be the C-
linear map sending ei to ei−1, where ek′−1 = 0. Then the representation (V (k
′, k), x(k, k′)) of the
quiver (I,Ω) is indecomposable and nilpotent, and the isomorphism class of (V (k′, k), x(k, k′)) does
not change when k and k′ are simultaneously translated by a multiple n + 1. Any indecomposable
nilpotent finite-dimensional representation of the quiver (I,Ω) is isomorphic to (V (k′, k), x(k, k′)) for
some pair (k ≥ k′). Let Z be the set of all pairs (k ≥ k′) of integers defined up to simultaneous
translation by a multiple of n + 1 and let Z˜ be the set of all functions from Z to Z≥0 with finite
support. Then the set of G(α)-orbits on the set of nilpotent elements in EΩ(α) is naturally indexed
by the subset Z˜(α) of Z˜ such that, for f ∈ Z˜(α),∑
k≥k′
f(k, k′) ·#{j| k ≥ j ≥ k′, j ≡ i (mod n+ 1)} = dim Vi (i ∈ I).
Here the sum is taken over all k ≥ k′ up to simultaneous translation by a multiple of n+1. An element
f ∈ Z˜(α) is aperiodic if, for any k ≥ k′, not all integers f(k, k′), f(k+1, k′+1), . . . , f(k+n, k′+n) are
QUIVER VARIETIES AND PATH REALIZATIONS ARISING FROM ADJOINT CRYSTALS OF TYPE A(1)n 13
greater than zero. Then one can show that there is a 1-1 correspondence between the set of aperiodic
elements in Z˜(α) and IrrΛ(α).
Moreover, Kashiwara and Saito [12] gave a crystal structure on
B(∞) :=
⊔
α∈Q+
IrrΛ(α),
and proved the following theorem.
Theorem 4.2 ([12]). There is a unique crystal isomorphism B(∞) ∼= B(∞).
Now we introduce a description of Nakajima’s quiver varieties presented in [16]. Given α ∈ Q+ and
λ ∈ P+, we set W = W (λ) (resp. Wi = Wi(λ)) and let
E(λ, α) = Λ(α)×
∑
i∈I
Hom(Vi,Wi).
The group G(α) acts on E(λ, α) by (g, (χ, t)) = (gχg−1, tg−1). For χ ∈ Λ(α), an I-graded subspace
S of V (α) is χ-stable if χh(Sout(h)) ⊂ Sin(h) for all h ∈ H . An element (χ, t) ∈ E(λ, α) is called a
stable point of E(λ, α) if it satisfies the following conditions: if S is a χ-stable subspace of V with
ti(Si) = 0 (i ∈ I), then S = 0. Let E(λ, α)st be the set of all stable points of E(λ, α), and define
Λ(λ, α) = E(λ, α)st/G(α).
Let IrrΛ(λ, α) (resp. IrrE(λ, α)) be the set of all irreducible components of Λ(λ, α) (resp. E(λ, α)).
Since IrrΛ(λ, α) can be identified with
{Z ∈ IrrE(λ, α)| Z ∩ E(λ, α)st 6= ∅},
each irreducible component X in IrrΛ(λ, α) can be written as
X =
((
X0 ×
∑
i∈I
Hom(Vi,Wi)
)
∩ E(λ, α)st
)
/G(α)
for some irreducible component X0 in IrrΛ(α).
In [18], Saito gave a crystal structure on
B(λ) :=
⊔
α∈Q+
IrrΛ(λ, α),
and proved the following theorem.
Theorem 4.3 ([18]). There is a unique crystal isomorphism B(λ) ∼= B(λ).
In [3], Frenkel and Savage gave an enumeration of IrrΛ(λ, α) in terms of Young and Maya diagrams
for type A
(1)
n . Combining Theorem 4.2 and Theorem 4.3 with (1.1), we obtain an injective map
ιλ : B(λ) →֒ B(∞).(4.2)
For each irreducible component X0 ∈ ιΛk(B(Λk)), Frenkel and Savage constructed a special point in
X0 ×
∑
i∈I Hom(Vi,Wi) which is not killed by the stability condition, and showed that there is a 1-1
correspondence between the set of such special points and the set of (n + 1)-reduced colored Young
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diagrams. Savage later established a crystal isomorphism between B(λ) and Young walls for quantum
affine algebras of type A
(1)
n and D
(1)
n in [19].
We briefly recall the result of [3] for type A
(1)
n in terms of Young walls. Note that the orientation
appeared in [3] is Ω. Take a Young wall Y n ∈ Yn(Λk) such that wt(Y n) = α. Let li be the length of
the i-th row of the Young wall Y n (i ≥ 1) and let N be the height of Y n. Set
AY n := {(li − i+ k, 1− i+ k) | 1 ≤ i ≤ N} ⊂ Z
and consider the function f ∈ Z˜(α) given by
f(s, s′) =
{
1 if (s, s′) ∈ AY n ,
0 otherwise.
Note that f is aperiodic. Let Cf be the closure of the conormal bundle of the G(α)-orbit Of in EΩ(α)
corresponding to f , and define the irreducible component
XY n :=
((
Cf ×
∑
i∈I
Hom(Vi,Wi)
)
∩ E(Λk, α)
st
)
/G(α) ∈ IrrΛ(Λk, α).
By [3, Theorem 5.5], the map Y n 7→ XY n is a 1-1 correspondence between
{Y n ∈ Yn(Λk)| wt(Y
n) = α} and IrrΛ(Λk, α).
Moreover, it is proved in [19, Theorem 8.4.] that the map Y n 7→ XY n from Y
n(Λk) to B(Λk) is a
crystal isomorphism. We would like to point out that Cf = ιΛk(XY n).
Now we construct an element in the G(α)-orbit Of in EΩ(α) from the Young wall Y
n. Let bij be
the i-th block from bottom in the j-th column of Y n. Let Color(bij) be the color of bij , which is an
element in I. Define
o(bij) := #{brs ∈ Y
n| Color(brs) = Color(bij), (r, s) ≺ (i, j)},
where ≺ is the lexicographical order; i.e., (r, s) ≺ (i, j) if and only if r < i or (r = i and s < j). We
define
x(Y n) :=
∑
bij∈Y n, j>0
E
Color(bi,j)
o(bi,j), o(bi,j−1)
∈ EΩ(α).(4.3)
For 1 ≤ i ≤ N , we denote by Ji the subspace of V (α) generated by
{v
Color(bij)
o(bij)
| 0 ≤ j < li}.
By construction, one can show that Ji is invariant under x(Y
n) and the representation (Ji, x(Y
n)|Ji)
of the quiver (I,Ω) is isomorphic to the representation (V (1− i+k, li− i+k), x(li− i+k, 1− i+k)) of
the quiver (I,Ω) for 1 ≤ i < N . Here, x(Y n)|Ji is the restriction of x(Y
n) on the invariant subspace
Ji. Hence x(Y
n) is contained in the G(α)-orbit Of corresponding f , which yields
ιΛk(XY n) = the closure of the conormal bundle of the G(α)-orbit of x(Y
n).(4.4)
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By a direct computation, for t ∈ Z≥0, we have
ker(x(Y n))t =
N⊕
i=1
ker(x(Y n)|Ji)
t
=
N⊕
i=1
spanC{v
Color(bij)
o(bij)
| bij ∈ the i-th row of Y
n, j < t}
= spanC{v
Color(bij)
o(bij)
| bij ∈ Y
n, j < t}.(4.5)
In the same manner, we take a Young wall Y 1 ∈ Y1(Λk) such that wt(Y 1) = α. Denote by XY 1
the image of Y 1 under the crystal isomorphism
Y1(Λk)
∼
−→ B(Λk).
Let bij be the i-th block from bottom in the j-th column of Y
1, and Color(bij) the color of bij . Set
o(bij) := #{brs ∈ Y
1| Color(brs) = Color(bij), (r, s) ≺ (i, j)},
where ≺ is the lexicographical order, and define
x(Y 1) :=
∑
bij∈Y 1, j>0
E
Color(bi,j−1)
o(bi,j), o(bi,j−1)
∈ EΩ(α).(4.6)
Then we have
ιΛk(XY 1) = the closure of the conormal bundle of the G(α)-orbit of x(Y
1).(4.7)
Moreover, we obtain
ker(x(Y 1))t = spanC{v
Color(bij)
o(bij)
| bij ∈ Y
1, j < t}(4.8)
for t ∈ Z≥0.
Example 4.4. We use the same notations as in Example 3.3. Set
α := Λ0 − wt(b) = 4α0 + 4α1 + 4α2 + 3α3,
and let X be the irreducible component in B(Λ0) corresponding to b via the crystal isomorphism given
in Theorem 4.3. Then we have
x(Y 1) = (E000 + E
0
11 + E
0
22) + (E
1
10 + E
1
21 + E
1
32) + (E
2
00 + E
2
11 + E
2
22) + (E
3
00 + E
3
11 + E
3
22),
x(Y n) = (E
0
10 + E
0
21 + E
0
32) + (E
1
00 + E
1
12 + E
1
23) + (E
2
00 + E
2
11 + E
2
33) + (E
3
00 + E
3
22),
and ιΛ0 (X) is the closure of the conormal bundle of the G(α)-orbit of x(Y
1) (resp. x(Y n)). However,
we note that
x(Y 1) + x(Y n) /∈ E(α)
since [x(Y 1), x(Y n)] 6= 0.
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5. Quiver Varieties and the Perfect Crystals B1, Bn
In this section, we give an explanation of the 1-1 correspondence between the geometric realization
B(Λk) and the path realization of the crystal B(Λk) associated with the perfect crystals B
1 and Bn,
and give a geometric interpretation of the fundamental theorem of perfect crystals in the case of the
perfect crystals B1 and Bn. Let α ∈ Q+ and let λ be a dominant integral weight of level 1. Choose
an irreducible component X in IrrΛ(λ, α). For a generic point χ = x + x ∈ ιλ(X), we will give an
explicit description of the λ-path in B1 (resp. Bn) corresponding to X using the dimensions of the
spaces kerxi+1/ kerxi (resp. kerxi+1/ kerxi) for i ≥ 0. For this purpose, we need a couple of lemmas.
Lemma 5.1. Let X0 be an irreducible component in IrrΛ(α). Then, for any χ = x + x ∈ X0 and
k ∈ Z≥0, we have
(a) ker(xx)k = ker(xx)k,
(b) kerxk and kerxk are χ-stable,
(c) ker(xx)k is χ-stable.
Proof. Let χ = x+ x ∈ X0 and k ∈ Z≥0. By (4.1) we have [x, x] = 0, which yields
χ(kerxk) ⊂ kerxk, χ(kerxk) ⊂ kerxk and χ(ker(xx)k) ⊂ ker(xx)k.
Our assertion follows from the fact that ker(xx)k, kerxk and kerxk are I-graded vector spaces. 
Lemma 5.2. For each X0 ∈ IrrΛ(α), there exists an open subset U ⊂ X0 such that
kerxk ∼= kerx′
k
and kerxk ∼= kerx′
k
(5.1)
for any χ = x+ x, χ′ = x′ + x′ ∈ U and k ∈ Z≥0.
Proof. By Theorem 4.1, there is an open subset U1 ⊂ X0 such that πΩ(U1) is contained in the G(α)-
orbit of some element in EΩ(α). In the same manner, there is an open subset U2 ⊂ X0 such that
πΩ(U2) is contained in the G(α)-orbit of some element in EΩ(α). Set U = U1 ∩ U2 ⊂ X0. Then, by
construction, for any χ = x+ x, χ′ = x′ + x′ ∈ U , there exist g, g ∈ G(α) such that
x = gx′g−1 and x = gx′g−1,
which yield, for any k ∈ Z≥0,
kerxk = ker(gx′g−1)k = g(kerx′
k
) and kerxk = ker(gx′g−1)k = g(kerx′
k
).

An element χ ∈ X0 in the open subset U ⊂ X0 in Lemma 5.2 will be called a generic point. Thanks
to Lemma 5.2, we may consider
dim(kerxk) and dim(kerxk+1/ kerxk) (resp. dim(kerxk) and dim(ker xk+1/ kerxk))
for a generic point χ = x + x in an irreducible component X0 ∈ IrrΛ(α). Recall the injective map
given in (4.2)
ιΛk : B(Λk) →֒ B(∞)
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for 0 ≤ k ≤ n. Applying Lemma 5.1 and Lemma 5.2 to (4.6) and (4.3), we obtain the following
theorem.
Theorem 5.3. (cf. [3]) Let
p1k : B(Λk) −→ P
1(Λk) (resp. p
n
k : B(Λk) −→ P
n(Λk) )
be the unique crystal isomorphism given by Theorem 2.2 and Theorem 4.3, and take an irreducible
component X ∈ B(Λk). Then, for a generic point χ = x+ x ∈ ιΛk (X), we have
(a)
p1k(X) = (. . . ,bai , . . . ,ba1 ,ba0),
where ai ≡ dim(kerxi+1/ kerxi)− i+ k (mod n+ 1) for all i ≥ 0,
(b)
pnk (X) = (. . . ,bbi , . . . ,bb1 ,bb0),
where bi ≡ 1− dim(ker x
i+1/ kerxi) + i+ k (mod n+ 1) for all i ≥ 0.
Proof. Let U be an open subset of ιΛk(X) as in Lemma 5.2. By Lemma 5.2, it suffices to show that
(a) and (b) hold for some χ = x+ x ∈ U .
Let Y 1 be the Young wall in Y1(Λk) corresponding to X under the crystal isomorphism Y
1(Λk) ∼=
B(Λk), and bij the i-th block from bottom in the j-th column of Y
1. By (4.7), there exists χ = x+x ∈ U
such that
x = gx(Y 1)g−1
for some g ∈ G(α). Then, by the equation (4.8), for t ∈ Z≥0, we have
kerxt = ker(gx(Y 1)g−1)t = g(ker(x(Y 1)t)) = g
(
spanC{v
Color(bij)
o(bij)
| bij ∈ Y
1, j < t}
)
.
Let yt be the t-th column of Y
1 for t ∈ Z≥0. Note that yt = {bit ∈ Y
1| i ≥ 1}. Then, we have
wt(yt) =
∑
bit∈yt
αColor(bit)
= dim
(
spanC{v
Color(bit)
o(bit)
| bit ∈ yt}
)
= dim
(
spanC{v
Color(bij)
o(bij)
| bij ∈ Y
1, j < t+ 1}
)
− dim
(
spanC{v
Color(bij)
o(bij)
| bij ∈ Y
1, j < t}
)
= dim(ker(x(Y 1))t+1)− dim(ker(x(Y 1))t)
= dim(kerxt+1)− dim(kerxt)
= dim(kerxt+1/ kerxt),(5.2)
which implies that the height of yt is
ht(wt(yt)) = dim(kerx
t+1/ kerxt).
Consequently, the assertion (a) follows from (3.1) and (3.2).
The remaining assertion (b) can be proved in the same manner. 
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Combining the crystal isomorphisms (3.1) and (3.3):
Y1k : P
1(Λk) −→ Y
1(Λk) and Y
n
k : P
n(Λk) −→ Y
n(Λk)
with (4.7) and (4.4), we have the following proposition, which, together with Theorem 5.3, yields an
explicit 1-1 correspondence between B(Λk) and P1(Λk) (resp. Pn(Λk)).
Proposition 5.4. Let
q1k : P
1(Λk) −→ B(Λk) (resp. q
n
k : P
n(Λk) −→ B(Λk))
be the unique crystal isomorphism given by Theorem 2.2 and Theorem 4.3, and take a Λk-path p
1 ∈
P1(Λk) (resp. pn ∈ Pn(Λk)). Let
α = Λk − wt(p
1) and X1 = q
1
k(p
1) (resp. β = Λk − wt(p
n) and Xn = q
n
k (p
n)).
Then
(a) ιΛk(X1) is the closure of the conormal bundle of the G(α)-orbit of x(Y
1
k(p
1));
(b) ιΛk(Xn) is the closure of the conormal bundle of the G(β)-orbit of x(Y
n
k (p
n)).
Recall the fundamental isomorphism theorem of perfect crystals (2.1). From Theorem 4.3, we have
the following crystal isomorphisms:
ψ1k : B(Λk)
∼
−→ B(Λk−1)⊗B
1,
ψnk : B(Λk)
∼
−→ B(Λk+1)⊗B
n
for 0 ≤ k ≤ n. We would like to give a geometric interpretation to the crystal isomorphisms ψ1i , ψ
n
i
in terms of quiver varieties. To do that, we need a couple of lemmas.
Let V be an I-graded vector space and χ an element of Hom(V, V ). If W is a χ-invariant I-graded
subspace of V , then χ can be viewed as an element in Hom(V/W, V/W ) (resp. Hom(W,W )), which
is denoted by χ|V/W (resp. χ|W ).
Lemma 5.5. Let x ∈
⊕
i∈I Hom(Vi−1, Vi) for an I-graded vector space V :=
⊕
i∈I Vi, and set
W := kerx and y := x|V/W .
Take an element
y ∈
⊕
i∈I
Hom(Vi/Wi, Vi−1/Wi−1) with [y, y] = 0,
where Wi is the i-subspace of W for i ∈ I. Then there exists an element
x ∈
⊕
i∈I
Hom(Vi, Vi−1)
such that
[x, x] = 0 and x|V/W = y.
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Proof. Let r = dim V − dimW and s = dimW . Take an ordered basis for W and extend it to be an
ordered basis for V so that the matrix representations of x, y and y are given as follows:
x =
(
0 A
0 B
)
, y = B and y = C
for some r × r matrices B and C, and s× r matrix A. Note that [B,C] = 0. Since the matrix(
A
B
)
has full rank, the following equation(
X Y
0 0
)
·
(
0 A
0 B
)
=
(
0 AC
0 0
)
(5.3)
has a solution. Since x(Vi) ⊂ Vi+1 and
(
0 AC
0 0
)
maps Vi to Vi, we can choose an s × s matrix X
and an s × r matrix Y such that
(
X Y
0 0
)
is a solution of the equation (5.3) and maps Vi to Vi−1
for i ∈ I. Let
x =
(
X Y
0 C
)
.
By construction, we have
x(Vi) ⊂ Vi−1 (i ∈ I), x|V/W = y,
and
[x, x] = xx− xx =
(
0 AC
0 BC
)
−
(
0 XA+ Y B
0 CB
)
= 0.

Lemma 5.6. Let U be an open subset of X0 ∈ IrrΛ(α) as in Lemma 5.2. Set
β = dim(kerx) (resp. γ = dim(kerx))
for χ = x+ x ∈ U .
(a) There exists an irreducible component X ′0 ∈ IrrΛ(α− β) such that, for χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ X ′0,(5.4)
where φ : V (α)/ kerx→ V (α− β) is an I-graded vector space isomorphism.
(b) There exists an irreducible component X ′′0 ∈ IrrΛ(α− γ) such that, for χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ X ′′0 ,(5.5)
where φ : V (α)/ kerx→ V (α− γ) is an I-graded vector space isomorphism.
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Proof. Note that β and γ are well-defined by Lemma 5.2. We first deal with the case (a). For an
element χ = x+ x ∈ U , let
χφ := φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ End(V (α− β)),
where φ : V (α)/ kerx→ V (α− β) is an I-graded vector space isomorphism. Since χ ∈ Λ(α), we have
χφ ∈ Λ(α− β).
Take two elements χ = x+ x, χ′ = x′ + x′ ∈ U , and choose two I-graded vector space isomorphisms
φ : V (α)/ kerx→ V (α− β) and φ′ : V (α)/ ker x′ → V (α− β). From the properties of U described in
the proof of Lemma 5.2, we have
x = gx′g−1
for some g ∈ G(α), which yields that πΩ(χφ) and πΩ(χ′φ′) are in the same G(α− β)-orbit. Therefore,
there exists an irreducible component X ′0 ∈ IrrΛ(α− β) such that
χφ, χ
′
φ′ ∈ X
′
0.
Since χ, χ′ are arbitrary, our assertion follows.
The remaining case (b) can be proved in the same manner. 
Theorem 5.7. Let X0 = ιΛk (X) for an irreducible component X ∈ IrrΛ(Λk, α). Set
d = dim(kerx) and β = dim(kerx) (resp. d′ = dim(kerx) and γ = dim(kerx))
for a generic point χ = x+ x ∈ X0.
(a) There exists a unique irreducible component X ′ ∈ IrrΛ(Λk−1, α − β) satisfying the following
conditions:
(i) there is an open subset U ⊂ X0 such that, for χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ ιΛk−1 (X
′),
where φ : V (α)/ kerx→ V (α− β) is an I-graded vector space isomorphism,
(ii) there is an open subset U ′ ⊂ ιΛk−1(X
′) such that any element χ′ ∈ U ′ can be written as
χ′ = φ ◦ (χ|V (α)/ kerx) ◦ φ
−1,
for some χ = x+x ∈ X0 and some I-graded vector space isomorphism φ : V (α)/ kerx→
V (α− β),
(iii) moreover, we have
ψ1k(X) = X
′ ⊗ ba and wt(ba) = Λk − Λk−1 − cl(β),
where a ≡ d+ k (mod n+ 1).
(b) There exists a unique irreducible component X ′′ ∈ IrrΛ(Λk+1, α − γ) satisfying the following
conditions:
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(i) there is an open subset U ⊂ X0 such that, for χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ ιΛk+1(X
′′),
where φ : V (α)/ kerx→ V (α− γ) is an I-graded vector space isomorphism,
(ii) there is an open subset U ′′ ⊂ ιΛk+1 (X
′′) such that any element χ′′ ∈ U ′′ can be written
as
χ′′ = φ ◦ (χ|V (α)/ kerx) ◦ φ
−1,
for some χ = x+x ∈ X0 and some I-graded vector space isomorphism φ : V (α)/ kerx→
V (α− γ),
(iii) moreover, we have
ψnk (X) = X
′′ ⊗ bb and wt(bb) = Λk − Λk+1 − cl(γ),
where b ≡ 1− d′ + k (mod n+ 1).
Proof. We first deal with the case (a) of the crystal isomorphism ψ1k : B(Λk) → B(Λk−1) ⊗ B
1. Let
Y be the Young wall in Y1(Λk) corresponding to X and Y ′ the Young wall obtained by removing
the 0-th column from Y . Then Y ′ can be viewed as an element in Y1(Λk−1). Take the irreducible
component X ′ in B(Λk−1) corresponding to Y
′. By Theorem 5.3 and (5.2), we have
X ′ ∈ IrrΛ(Λk−1, α− β) and ψ
1
k(X) = X
′ ⊗ ba,
where a ≡ d+ k (mod n+ 1) and wt(ba) = Λk − Λk−1 − cl(β).
Let U be an open subset of X0 as in Lemma 5.6, and take an element χ = x + x ∈ U . Since
x(Y )|V (α)/ ker(x(Y )) is naturally identified with x(Y
′) and x is contained in the G(α)-orbit of x(Y ), by
Lemma 5.6, we have
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ ιΛk−1(X
′)
for an I-graded vector space isomorphism φ : V (α)/ kerx→ V (α− β).
Take an element χ′ = x′ + x′ in an open subset U ′ of ιΛk−1 (X
′) given as in Lemma 5.2. Then x′
can be written as
x′ = gx(Y ′)g−1
for some g ∈ G(α − β), which yields that there is x in the G(α)-orbit of x(Y ) such that
φ ◦ (x|V (α)/ kerx) ◦ φ
−1 = x′
for some I-graded vector space isomorphism φ : V (α)/ kerx → V (α − β). The assertion (ii) follows
from Lemma 5.5.
The remaining case (b), ψnk : B(Λk)→ B(Λk+1)⊗B
n, can be proved in the same manner. 
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Example 5.8. We use the same notations as in Example 4.4. Let X0 = ιΛ0(X) ∈ IrrΛ(α). By
Theorem 4.1, it suffices to consider a generic point in the fiber π−1
Ω
(x(Y n)) ⊂ X0. By [14, Section
12.8, Proposition 15.5], we have
π−1
Ω
(x(Y n)) = {χ ∈ X0| πΩ(χ) = x(Y
n)}
= {x+ x(Y n)| x ∈ EΩ(α), [x, x(Y
n)] = 0}
= {x+ x(Y n) | x = x(a1, . . . , a13), a1, . . . , a13 ∈ C}.
Here,
x(a1, . . . , a13) =


0 0 0 x0
x1 0 0 0
0 x2 0 0
0 0 x3 0

 ∈ EΩ(α),
x0 =


a1 a2 a3
0 0 0
a4 0 a5
a6 0 0

 , x1 =


0 a1 a2 a3
0 a4 0 a5
0 a6 0 0
0 a10 0 a7

 ,
x2 =


0 a2 a3 0
0 0 a5 0
a6 a8 a11 a9
0 0 a7 0

 , x3 =

 0 a2 0 0a4 a12 a5 a13
a6 a8 0 a9


for a1, . . . , a13 ∈ C. Let
x := x(a1, . . . , a13), x := x(Y
n),
and consider a1, . . . , a13 as indeterminates. Then we have
dim(kerxk) =


0 if k = 0,
2 + k if 1 ≤ k ≤ 12,
15 otherwise,
and dim(kerxk) =


0 if k = 0,
4 if k = 1,
8 if k = 2,
11 if k = 3,
14 if k = 4,
15 otherwise.
Hence we obtain
p10(X) = (. . . ,b3,b1,b2,b3,b0,b1,b2,b3,b0,b1,b2,b3,b0,b3),
pn0 (X) = (. . . ,b3,b2,b0,b1,b0,b2,b1).
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6. Quiver Varieties and Adjoint Crystals
In this section, we will prove the main theorem of this paper, Theorem 6.3, which shows that
there exists an explicit crystal isomorphism between the geometric realization B(Λ0) and the path
realization Pad(Λ0) of B(Λ0) arising from the adjoint crystal B
ad. By Theorem 2.2 and Theorem 4.3,
we have the crystal isomorphism
pad : B(Λ0) −→ P
ad(Λ0).
Let α ∈ Q+ and let X be an irreducible component of IrrΛ(Λ0, α). For a generic point χ = x+x ∈
ιΛ0(X), we will give an explicit description of the Λ0-path p
ad(X) in terms of dimension vectors of
ker(xx)k+1/ ker(xx)k for k ≥ 0.
Let α, β ∈ Q+ with β ≤ α. Consider the diagram given in [14]:
Λ(α− β)
π
←− Λ(α− β)× Λ(β)
p1
←− F ′
p2
−→ F ′′
p3
−→ Λ(α),(6.1)
where F ′′ is the variety of all pairs (χ,W ) such that
(a) χ ∈ Λ(α),
(b) W is a χ-stable subspace of V (α) with dimW = β,
and F ′ is the variety of all quadruples (χ,W, f, g) such that
(a) (χ,W ) ∈ F ′′,
(b) f = (fi)i∈I , g = (gi)i∈I give an exact sequence
0 −→ Vi(β)
fi
−→ Vi(α)
gi
−→ Vi(α− β) −→ 0 (i ∈ I)
such that imf =W .
Then we have
p1(χ,W, f, g) = (g˜ ◦ (χ|V (α)/W ) ◦ g˜
−1, f−1 ◦ (χ|W ) ◦ f),
where g˜ : V (α)/W → V (α− β) is the I-graded vector space isomorphism induced by g,
p2(χ,W, f, g) = (χ,W ), p3(χ,W ) = χ,
and π is the natural first projection. Note that p2 is a G(α− β)×G(β)-principal bundle and an open
map.
Let U be an open subset of X0 ∈ IrrΛ(α) as in Lemma 5.2, and β = dim(kerx) for χ = x+ x ∈ U .
Define the map ı : U → F ′′ by
ı(χ) = (χ, kerx)
for χ = x + x ∈ U . Note that p3 ◦ ı = id|U . By Lemma 5.6, there exists an irreducible component
X ′0 ∈ IrrΛ(α− β) such that, for any χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ X ′0,
where φ : V (α)/ ker x → V (α − β) is an I-graded vector space isomorphism. Given an open subset
U ′ ⊂ Λ(α− β) with U ′ ∩X ′0 6= ∅, by Lemma 5.5,
U˜ := ı−1 ◦ p2 ◦ p
−1
1 ◦ π
−1(U ′)
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is a nonempty open subset of X0. Therefore, given an open subset U
′ ⊂ X ′0, there exists an open
subset U˜ ⊂ X0 such that, for any element χ = x+ x ∈ U˜ ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ U ′
for some I-graded vector space isomorphism φ : V (α)/ kerx→ V (α− β).
In the same manner, let γ = dim(kerx), and consider the diagram
Λ(α− γ)
π
←− Λ(α− γ)× Λ(γ)
p1
←− F ′
p2
−→ F ′′
p3
−→ Λ(α).
Define the map ı : U → F ′′ by
ı(χ) = (χ, kerx)
for χ = x+ x ∈ U , and let X ′′0 be an irreducible component as in Lemma 5.6. Then one can deduce
that, given an open subset U ′ ⊂ X ′′0 , there exists an open subset U˜ ⊂ X0 such that, for any element
χ = x+ x ∈ U˜ ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ U ′
for some I-graded vector space isomorphism φ : V (α)/ ker x→ V (α − β). Consequently, we have the
following lemma.
Lemma 6.1. With the same notations as in Lemma 5.6, we have the following.
(a) Given an open subset U ′ ⊂ X ′0, there exists an open subset U˜ ⊂ X0 such that, for any element
χ = x+ x ∈ U˜ ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ U ′(6.2)
for some I-graded vector space isomorphism φ : V (α)/ kerx→ V (α− β).
(b) Given an open subset U ′′ ⊂ X ′′0 , there exists an open subset U˜ ⊂ X0 such that, for any element
χ = x+ x ∈ U˜ ,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ U ′′(6.3)
for some I-graded vector space isomorphism φ : V (α)/ kerx→ V (α− γ).
Combining Lemma 6.1 with Lemma 5.6, we have the following lemma.
Lemma 6.2. Let α ∈ Q+. For each X0 ∈ IrrΛ(α), there exists an open subset U ⊂ X0 such that
ker(xx)k ∼= ker(x′x′)k and kerx(xx)k ∼= kerx′(x′x′)k(6.4)
for any χ = x+ x, χ′ = x′ + x′ ∈ U and k ∈ Z≥0.
Proof. Since the case that ht(α) = 0 is trivial, we may assume ht(α) > 0. Let U0 be an open subset
of X0 as in Lemma 5.2, and β = dim(kerx) for χ = x + x ∈ U0. Take the irreducible component
X ′0 ∈ IrrΛ(α− β) given in Lemma 5.6, and choose an open subset U
′
0 of X
′
0 satisfying the conditions
of Lemma 5.2. Let γ = dim(kerx) for χ = x + x ∈ U ′0. By Lemma 6.1, there exists an open subset
U˜0 ⊂ X0 such that, for any element χ = x+ x ∈ U˜0,
φ ◦ (χ|V (α)/ kerx) ◦ φ
−1 ∈ U ′0
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for some I-graded vector space isomorphism φ : V (α)/ kerx → V (α − β). Set Uˆ0 = U0 ∩ U˜0. Then,
for any χ = x+ x ∈ Uˆ0, we have
dimkerxx = dim(kerx) + dim(kerxx/ kerx)
= dim(kerx) + dim{v ∈ V (α)/ kerx | x|V (α)/ kerx(v) = 0}
= dim(kerx) + dim(kerx|V (α)/ kerx)
= β + γ.
Let us take the irreducible component X ′′0 ∈ IrrΛ(α− β − γ) associated with X
′
0, which is given as
in Lemma 5.6. By the induction hypothesis, there exists an open subset U ′′ ⊂ X ′′0 satisfying (6.4).
Applying Lemma 6.1 to X ′′0 , X
′
0 and X0, there exists an open subset U˜ ⊂ X0 such that, for any
χ = x+ x ∈ Uˆ ,
φ ◦ (χ|V (α)/ kerxx) ◦ φ
−1 ∈ U ′′(6.5)
for some I-graded vector space isomorphism φ : V (α)/ kerxx→ V (α− β− γ). Let U = U˜ ∩ Uˆ0, then,
by construction, U holds the condition (6.4). 
An element χ ∈ X0 in the open subset U ⊂ X0 satisfying (5.1) and (6.4) is called a generic point.
Note that, for χ = x+ x in an irreducible component X0 ∈ IrrΛ(α), since [x, x] = 0, we have
dim(ker(x|ker(xx)k+1/ ker(xx)k)) = dim(kerx(xx)
k)− dim(ker(xx)k),
where x|ker(xx)k+1/ ker(xx)k is the linear map in End(ker(xx)
k+1/ ker(xx)k) induced by x. Thanks to
Lemma 6.2, one can talk about
dimker(xx)k, dim ker(xx)k+1/ ker(xx)k and dim(ker(x|ker(xx)k+1/ ker(xx)k))
for a generic point χ = x+ x in an irreducible component X0 ∈ IrrΛ(α) and k ∈ Z≥0.
Finally, we are ready to state the main theorem in this paper.
Theorem 6.3. Let
pad : B(Λ0) −→ P
ad(Λ0)
be the unique crystal isomorphism given by Theorem 2.2 and Theorem 4.3, and take an irreducible
component X ∈ B(Λ0). For a generic point χ = x+ x ∈ ιΛ0 (X) and k ∈ Z≥0, let
θk = dim(ker(xx)
k+1/ ker(xx)k),
ck ≡ dim(ker(x|ker(xx)k+1/ ker(xx)k)) (mod n+ 1),
where 0 ≤ ck ≤ n. Then we have
pad(X) = (. . . , pk, . . . , p1, p0),(6.6)
where
pk =


b−cl(θk) if cl(θk) 6= 0,
hck if cl(θk) = 0 and ck 6= 0,
∅ otherwise.
26 SEOK-JIN KANG AND EUIYONG PARK
Proof. Let X0 = ιΛ0 (X) with wt(X) = Λ0 − α for some α ∈ Q
+. We will use induction on ht(α).
Since the case that ht(α) = 0 is trivial, we may assume α 6= 0. Note that
θk = dim(ker(xx)
k+1)− dim(ker(xx)k),
ck ≡ dim(kerx(xx)
k)− dim(ker(xx)k) (mod n+ 1)
for a generic point χ = x+ x ∈ X0 and k ∈ Z≥0.
Let β = dim(kerx) for a generic point χ = x + x ∈ X0, and choose the irreducible component
X ′0 ∈ IrrΛ(α − β) associated with X0 as in Lemma 5.6. Similarly, let γ = dim(kerx) for a generic
point χ = x+ x ∈ X ′0, and take the irreducible component X
′′
0 ∈ IrrΛ(α− β − γ) associated with X
′
0
as in Lemma 5.6. By Theorem 5.7, we have
ψ10(X0) = X
′
0 ⊗ ba and ψ
n
n(X
′
0) = X
′′
0 ⊗ bb
for some ba ∈ B1, bb ∈ Bn. From (2.1) and Theorem 4.2, we have
ψad0 : B(Λ0)
∼
−→ B(Λ0)⊗B
ad.
Then, it follows from the crystal isomorphism (2.2) and Theorem 5.7 that
ψad0 (X0) = X
′′
0 ⊗ p
ad(bb ⊗ ba).
By the induction hypothesis, there is an open subset U ′′ ⊂ X ′′0 satisfying (6.6). By Lemma 6.1 and
(6.5), there is an open subset U˜ ⊂ X0 such that, for any χ = x+ x ∈ U˜ ,
φ ◦ (χ|V (α)/ kerxx) ◦ φ
−1 ∈ U ′′
for some isomorphism φ : V (α)/ kerxx→ V (α− β − γ).
On the other hand, by Lemma 6.2, there exists an open subset Uˆ ⊂ X0 satisfying (6.4). Set
U = Uˆ ∩ U˜
and choose an element χ = x + x ∈ U . Suppose that wt(bb ⊗ ba) 6= 0. Then, by Theorem 5.7 and
(2.2), since
wt(bb ⊗ ba) = wt(bb) + wt(ba)
= Λn − Λ0 − cl(γ) + Λ0 − Λn − cl(β)
= −cl(β + γ)
= −cl(dim(kerxx))
= −cl(θ0),
we obtain
pad(bb ⊗ ba) = bwt(bb⊗ba) = b−cl(θ0).
Suppose wt(bb ⊗ ba) = 0 and a 6= n+ 1. Then, by Theorem 5.7 and (2.2), we have
pad(bb ⊗ ba) = ha
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and a ≡ dimx (mod n+ 1), which implies that a = c0. In the same manner, if wt(bb ⊗ ba) = 0 and
a = n+ 1, we have
pad(bb ⊗ ba) = ∅.
Since, for an arbitrary isomorphism φ : V (α)/ kerxx→ V (α− β − γ),
dim(ker(xx)k+1) = dim(ker(xx)k+1/ ker(xx)) + dim(ker(xx))
= dim(ker(xx)|V (α)/ ker(xx))
k + dim(ker(xx))
= dimker(φ ◦ (xx)|V (α)/ ker(xx) ◦ φ
−1)k + dim(ker(xx))
= dimker((φ ◦ x|V (α)/ ker(xx) ◦ φ
−1)(φ ◦ x|V (α)/ ker(xx) ◦ φ
−1))k + dim(ker(xx)),
our assertion follows from a standard induction argument. 
The following corollary, which is an immediate consequence of Theorem 5.7 and Theorem 6.3, can
be regarded as a geometric interpretation of the fundamental isomorphism theorem for perfect crystals
ψad0 : B(Λ0)
∼
−→ B(Λ0)⊗B
ad.
Corollary 6.4. Let X0 = ιΛ0(X) for some X ∈ IrrΛ(Λ0, α). For a generic point χ = x+x ∈ X0, set
θ = dim(ker(xx)) and c = dim(kerx).
Then there exists a unique irreducible component X ′ ∈ IrrΛ(Λ0, α− θ) satisfying the following condi-
tions:
(a) there is an open subset U ⊂ X0 such that, for χ = x+ x ∈ U ,
φ ◦ (χ|V (α)/ kerxx) ◦ φ
−1 ∈ ιΛ0(X
′),
where φ : V (α− θ)→ V (α)/ ker xx is an I-graded vector space isomorphism,
(b) there is an open subset U ′ ⊂ ιΛ0(X
′) such that any element χ′ ∈ U ′ can be written as
χ′ = φ ◦ (χ|V (α)/ kerxx) ◦ φ
−1
for some χ = x + x ∈ X0 and some I-graded vector space isomorphism φ : V (α)/ kerxx →
V (α− θ),
(c) moreover, we have
ψad0 (X) = X
′ ⊗ p,
where
p =


b−cl(θ) if cl(θ) 6= 0,
hc if cl(θ) = 0 and c 6= 0,
∅ otherwise.
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Example 6.5. We use the same notations as in Example 5.8. Let Wi = ker(xx)
i for i ∈ Z≥0. Then
we have
dim(Wi) =


0 if i = 0,
α0 + 2α1 + 2α2 + α3 if i = 1,
2α0 + 3α1 + 3α2 + 2α3 if i = 2,
3α0 + 4α1 + 4α2 + 3α3 if i = 3,
4α0 + 4α1 + 4α2 + 3α3 otherwise,
and
dim(ker(x|Wi+1/Wi)) = dim(kerx(xx)
i)− dim(ker(xx)i) =


3 if i = 0,
1 if i = 1,
1 if i = 2,
0 otherwise.
By Theorem 6.3, we have
pad(X) = (. . . , ∅, ∅, bα1+α2+α3 , h1, h1, b−α1−α2).
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